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Abstract: The Dijkgraaf-Vafa approach is used in order to study the Coulomb 
branch of the Leigh-Strassler massive deformation of A/" = 4 SYM with gauge group 
U{N). The theory has Af = 1 SUSY and an A^-dimensional Coulomb branch of 
vacua, which can be described by a family of "generalized" Seiberg-Witten curves. 
The matrix model analysis is performed by adding a tree level potential that selects 
particular vacua. The family of curves is found: it consists of order N branched 
coverings of a base torus, and it is described by multi-valued functions on the latter. 
The relation between the potential and the vacuum is made explicit. The gauge group 
SU{N) is also considered. Finally the resolvents from which expectation values of 
chiral operators can be extracted are presented. 
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1. Introduction 



The Dijkgraaf-Vafa (DV) conjecture ||T| has proven a powerful tool for studying the 
low energy limit of A/" = 1 gauge theories with massive chiral fields. The method 
consists in solving an auxiliary matrix model, where the M = 1 chiral fields are 
replaced by random matrices interacting with a potential equal to the tree level 
superpotential. This method allows to extract the holomorphic quantities of the 
low energy regime, including all the non-perturbative effects. The procedure has 
been tested for a lot of different theories [|l], H, Hj. When solving the matrix model, 
an interesting geometrical structure emerges, which is characterized by a Riemann 
surface provided with a meromorphic differential. This structure is based on special 
geometry and generalizes the Seiberg-Witten curve for M = 2 theories. As in the 
Af = 2 case, all the holomorphic quantities in the effective Lagrangian can be derived 
from the geometry. For Af = 1 theories, this amounts to the determination of 
the effective superpotential and the kinetic terms for low energy massless photons. 
The expectation values of the chiral operators can be also determined from some 
meromorphic differentials defined on the surface ||. 

The DV conjecture can be also used to derive the Seiberg-Witten curve for A/" = 2 
theories. If we deform the Af = 2 theory with a superpotential for the adjoint field, 
we select particular points in moduli space. With a sufficiently generic potential, 
we can explore the entire moduli space. As the tree level potential is adiabatically 
removed, the matrix model Riemann surface runs in the Seiberg-Witten curve of 
the Af = 2 theory. This argument has been introduced in H and later used for 



theories with different matter content and in different dimensions ||T2|, |T3|. The 
very same argument can be used to study Af = I theories with a Coulomb branch 
of vacua. The matrix model description determines a generalized Seiberg-Witten 
curve, whose periods determine the coupling constant matrix. Clearly, the curve 
does not determine the entire effective Lagrangian as in the Af = 2 case, but only 
the holomorphic quantities. A particularly interesting model in this respect is the 
so-called Leigh and Strassler (LS) deformation of Af = 4 SYM [Q. It is known that 
there exist superconformal deformations of A/" = 4 SYM which preserve Af = 1 SUSY. 
In particular, the LS theory has the same fields as A/" = 4 SYM and a superpotential 

>Vt,ee = Tr (zA$[<l>+,$-]^) , (1.1) 

where the /^-commutator is defined by 

Here A is a function of /3, which is tuned in order to preserve superconformal invari- 
ance. Fortunately we will not need its explicit expression. We will always consider 
an A/" = 2* type theory where two adjoints fields are made massive by the addition 
of the superpotential M$+$^. 
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The theory has a great varieties of classical vacua 0, ||, |T^]. We will mainly be 
interested in the Coulomb phase: = 0. The Coulomb branch of the theory will be 
described by a family of generalized SW curves, which encodes the dynamics. The 



form of the curve for the LS model was conjectured in [0, using integrable system 
arguments. It is a deformation of the Donagi-Witten curve for Af = 2* ||15[. Here 
we derive the curve using the DV prescription. Our strategy is to analyze the model 
in presence of a deformation W^treel"^) = J2^=i ■ It is known 0, ^ that such 
deformation lifts the moduli space, constraining the vacua on particular (A^ — ra)-di- 
mensional sub-varieties where (A^ — n) monopoles are massless. The eigenvalues of 
$ distribute themselves over the n critical points of W , with multiplicity Ni. The 
gauge group is then broken to U{N) — > Y\^^iU{Ni). At the quantum level, other 
non-perturbative effects join. The SU{Ni) factors confine, leaving the group U{1)"'} 
At low energy, we can write an effective potential in terms of the chiral superfields 
Si = Tt u(]\f.)(WaW°'), and this can be computed through the matrix model. As we 
will see, its value is just the expectation value of the tree level superpotential 

after the latter has selected the vacuum. We can study the Coulomb phase of the 
LS model by taking a degree A^ + 1 potential VFtree, and considering the vacua char- 
acterized by A'j = 1. In this way, we can explore the whole moduli space by varying 
the potential. 



The matrix model has already been solved |0, |TT|. The vacuum with gauge 
group nr=i U{Ni) is associated with an n-cut solution, which generates a Riemann 



surface of genus n. The structure is very similar to that in 12 : the eigenvalue space 



in the large matrix limit is a cylinder with pairs of cuts identified. The physical 
curve is obtained upon minimization and it becomes the covering of a torus. We 
find the explicit form of the curve: F{v, z) = 0, a degree n polynomial in v, whose 
coefficients are multi- valued function of the base torus coordinate z with determined 
monodromy properties. This expression was firstly conjectured in [l^. We also 
identify the moduli for gauge groups U{N) and SUi^N)."^ Finally, we identify the 
resolvents which allow to evaluate expectation values of operators in the chiral ring. 



2. The matrix model and the Riemann surface 

The U{N) gauge theory with Af = 1 SUSY can be studied through the planar limit 
solution of the associated matrix model, as suggested by Dijkgraaf e Vafa The 

^Unless some Ni vanish, in which case more monopoles condense and less photons are left. 

^Observe that the LS model does not show a complete decoupling of the gauge multiplet asso- 
ciated with Tr Actually, as it can be seen from the Lagrangian, the vector multiplet (A^,Aq) 
decouples, while the chiral one (Tr ^,^a) does not. 
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matrix model is defined by the partition function 
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where T is the free energy and $j are N x N matrices. The right implementation of 
the group U{N) is realized taking $ hermitian whereas = ($~)^ [||]. 

We consider the 't Hooft limit in which the dimension N of the matrices goes to 
infinity and the coupling gg goes to zero, while keeping fixed the product S = QgN. 



The associated matrix model has already been solved in another contest [|TT|]. The 
procedure is the following: first integrate out l>^, then scale $ ^ <I>/A and change 
variables to get an integral over the eigenvalues (pi of $. Eventually make another 
change of variables to 6i and define a new function V{6) : 



In the saddle point approximation for large one can get the equations of 
motion 



2 [tgh^ tgh^^ tgh^^'^ ' 



As usual, one can distribute the eigenvalues over the n critical points of the potential 
V{x) with multiplicities iVj. The continuum limit is studied through the eigenvalues 
density function p{x) and the resolvent function 

u^ix) = i E ^ - - / ^^dy . (2.3) 



3 tgh^-^ *sh^— 

In this limit the filling fractions Si = gsNi parametrize the particular solution around 
which we are expanding, and they are identified with the condensate chiral fields. 
According to the DV prescription we can obtain the effective superpotential from the 
expression 

" dJ-' 

i=i 

where Ni indicate the particular vacuum YYi=i U{Ni) we are considering, while J^{Si) 
is the matrix model free energy in the planar limit. 
It is useful to introduce the function 



G{x) = U{x) + iS iu{x + i^) — iu{x — i^) 



(2.4) 
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where U{x) is a degree n + 1 polynomial in defined by 

V'{x) = -% \u[x + z^) - U{x - 
The saddle point equation (|2^) takes the simple form 



G{x + ± ie) = G{x — ij: T i^) 



X E supp p . 



(2.5) 



(2.6) 



The holomorphic change of variables ( p.l| ) maps the complex plane into the 
cylinder (the strip {—in < x < in} with the two sides identified). We can add 
the two points at infinity {x = +00} and {x = —00} in order to compactify it. U{x) 
is a degree n + 1 polynomial in e^', so that it is a well-defined meromorphic function 
on the cylinder, regular at {x = —00} and with a pole of order n + 1 at {x = +00}; 
u{x) has n cut discontinuities on the support of p(x) while it is regular at extremes. 
Therefore G{x) presents n pairs of cuts [a~ ± ip/2,af ± i/5/2], and a pole of order 
n + 1 at {x = +00}. Eq. ( |2.6| ) tell us that G{x) is a well-defined meromorphic 
function on a Riemann surface obtained identifying the two cuts of every pair. 

Let us introduce a canonical basis of compact cycles on the Riemann surface: Ai 
cycles circling the upper cuts and Bi cycles going from the lower cuts to the upper 
ones. By integrating eq. (|2.4|) along Aj-periods we extract the quantities 



Si = — 
2n 



G{x)dx . 



(2.7) 



A, 



The quantities dJ^/dSt can be extracted from -Bj-periods ||T|, with a minor subtlety 
[0]. By rescaling <l> ^ $/A, we gain a factor A~^^ that brings a further S dependence. 
We have 

^ = 52 log A + 

where JF is the contribution from our saddle point integral. Therefore we get 



^ = 2^1ogA-i / G(x)dx. 
dSi Jb^ 



Finally we can put the superpotential in the form 



Ni (f G dx — (t — i— log \) (f G dx 
j^^V M. ^ ^ ' J A, 



Note that PFeff only depends on the renormalized coupling constant 



(2.8) 



Tr = T — % — log A . 

n 
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Let us briefly analyze the geometrical structure, as in ||T2|. The function G{x) has 
a single pole of order n + 1 at {x = +00}, and is meromorphic on the Riemann surface 
S. By Riemann-Roch, this requirement fixes the function up to a multiplicative 
constant and an additive one. The multiplicative constant is also fixed by comparison 
with U{x) (i.e. with the potential V{x)), and the additive one is physically irrelevant. 
G{x) is therefore uniquely determined. 

The differential dx is well-defined on the Riemann surface: it has two simple 
poles at {x = ±00}, and it has periods 

(b dx = (b dx = ip (b dx = 27ri , 

JAi J Bi J D 

Here the D cycle wraps the cylinder and encircle, say, the {x = +00} puncture. Let 
us count the number of moduli. We have 3n — 3 parameters from the moduli space 
of Riemann surfaces of genus n, plus 2 from the punctures. By Riemann-Roch, there 
exist n + 1 meromorphic differentials with two poles at the punctures; the integration 
to get the X coordinate involves another additive constant. Taking into account that 
2n + 1 periods are fixed we obtain 

(3n - 1) + (n + 2) - (2n + 1) = 2n . 

From the matrix model point of view, we can interpret these as the classical 
moduli space of the n roots of V'{x) plus the n fields Si. Or, alternatively, as the 2n 
zeros of the differential dx, prescribed by Riemann-Roch, which coincides with the 
extremes of the cuts [a^ ± i(3/2,af ± i(3/2]. 



3. The on-shell theory 

We have written the efl'ective potential as a function of the classical vacuum around 
which we are expanding (characterized by A^j), and a function of the condensate flelds 
Si. The true quantum vacua are obtained by minimizing with respect to Si. 



By varying the potential with respect to the field Si ||T2| we get the differentials 

1 d 



Ui 



-G{x)dx . 



(3.1) 



27r dSi 

They constitute a canonical basis of independent holomorphic differentials on E, 
associated to cycles. In particular from (|2.7| ) we have §^ Uj = 6ij. 
From the minimizing of (|2.8| ) we get 



Jb, , Jb, 



Ml 



(3.2) 
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where we used the symmetry of the period matrix f^ ooi. The equation tell us that, 
on-shell, it exists on the surface a meromorphic form Q = J2j ^j^j with periods 



Q = Ni f n = TR. (3.3) 

We can integrate to get a well-defined function z{P) = f2 on a torus defined 
by the identifications 

Z = Z + N = Z + Tr, 

where N is the greatest common factor of the Ni. So we have demonstrated that, 
on-shell, S is the covering of a torus of modular parameter tj^/N ^. Furthermore, the 
images of the periods Ai and Bi wind around the torus Ni/N and 1 times respectively. 

3.1 The curve 

Our aim is now to obtain an expression for the curve S of the on-shell theory. We 
know that it is the covering of a torus, so, in analogy to what happens for J\f = 2* 



theories |T5|, ^7j, we can write it as 

n 
i=l 

where Vi{z) describe the sheets, while h is the order (till unknown) of the covering. 

In analogy with [0, we would like to construct a meromorphic function v on 
S, with simple poles at the h counter-images Pi of the point {z = 0}, and such 
that the form vdz has residues 1 at n — 1 of them. Since the function G{x) creates a 
punctures, it is convenient to fix the base point Pq at the point at infinity {x = +oo}, 
so that Pq is one of the counter-images of the point {z = 0}. 



To construct the function v{x) it is better to start by its differential. It should 
have second order poles at the counterimages of {z = 0}. The idea is to consider 
a meromorphic differential on the base torus with a double pole in {z = 0} and 
coefficient —1, so that its pull-back on S has h double poles with equal coefficients, 
and then correct the pole at Pq with a differential on S written in terms of x. We 
can choose e^dx. Unlike dx, it is multi- valued''; in going from a lower cut to the 
upper one it takes a phase: x x + ip, e^dx e^^e^dx. Therefore we construct v 
with the same property: 

V V along Ai cycles , . 

V e^^v along Bi cycles . 

^Note that this is equivalent to the covering of a torus of modular parameter tr, but with an 
order N times greater. 

"^It is worth to observe that, from Riemann-Roch, a meromorphic form on the surface with 
exactly a double pole exists unique. We don't know its explicit expression, but in general it will 
not be integrable. 
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Now we can construct multi-valued functions on the base torus through the 
function 

where 2lji = N and 2^012 = tr are the torus periods, and we have used semi-elliptic 
functions. Actually, k{z) has a simple pole at {z = 0} with residue 1, a simple zero 
at {z = uJiP/'u}, and satisfies the expected monodromy properties. 

Finally, we can write down the differential of the function v 

d 

dv = Tje^dx + k{z) — log k{z) dz 
oz 

and, by integrating, we get 

V = r]e'' + k{z) . (3.6) 

Note that the required monodromy excludes any integration constant, while r] can 
be reabsorbed by a translation in x. 

3.2 Order of the covering 

The surface S is the covering of a base torus, realized through the function z. Now 
we determine the order of the covering, that is the number of sheets. To this purpose 
we use the following residue theorem for meromorphic forms with the prescribed 
monodromy (p.4|) :^ 

p 

Consider now the expression 



A, 



<£ vdz = <£ 7] dz + ^ (£ k{z)dz 

JAi JAi N J A 



The differential dz is defined by ( tB.2D and (|3T| ): 



^ 1 d 

dz =y — Nj——G(x) dx . 



^This is proved easily by "flattening" the surface on the plane: every compact orientable Rie- 
mann surface of genus g is homeomorphic to a complex polygon with 4^ sides, and with suit- 
able identifications on the boundary. In particular, we can identify sides according to the string 

ai • /3i • aj~^ ■ /3;f ^ ag- fig - ■ Pg^ ■ For and (3i we can take the cycles Ai and Bi. Then it 

suffices to deform the path that encircles the poles into the perimeter of the polygon, and sum the 



contributions. We also notice that every function with the monodromy ( |3.4D is expressible through 
k{z) and a generic elliptic function: f{z) = g{z) ■ k{z). Moreover, the only function with a single 
pole in {z — 0} is exactly fc(z). 
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With dz we will indifferently refer to the differential on the torus and its pull-back on S. 
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We can convert the integral of G{x)dx along the cycle Ai into the integral of the 
eigenvalues density p(x) over the segment of support [a^,al], by using the relation 

[ - G{x + ie) + G{x - ie)] = 2ttS p{x - i^) x e Ai . 



We now use the residue theorem ( pTfj) for v dz and for the function k(z) on the torus 
separately, and sum over the cycles. Defining the quantities Wn = J^p{x)e'^^dx, we 
get 

i/3/2 _ -i/3/2 Jl^ g N 



i=i ~ ■ ^ 



On the other hand, we can evaluate the residues by encircling the poles of v {dz 
is an holomorphic form). The poles are located over the point {z = 0}, and are as 
many as the sheets of the covering. Consider the expression 

n h 

ReSp. (f dz) = Res+oo rjc^ dz + Reso k{z)dz . 

i=l i=l 

k{z) has unitary residues and we deal with e^dz by expanding around the point at 
infinity: 

G{x)dx U{x)dx + 2SJ2 sin ^Wme-"'''dx . 

m=l 

Eventually we obtain 

ReSp {v rf;,) = sin I ^ — [S W,]+n. (3.9) 



By comparison with expression (p.8| ), we deduce the order of the covering: 
h = N/N, in agreement with what we have been expecting from the analogy with 



the Af = 2* case p 



3.3 Curve and factorization 

We have found the multi- valued coordinate system (t>, z) over S, where z establishes 
an n-covering of the base torus. Therefore the equation of the curve is an order h 
polynomial in v whose coefficients are multi-valued functions on the torus: 

n 

= F{v, z) = J2 Fm{z) v" F^ = \. 

m=0 

The functions F^i^z) are such that going along the -B-cycle of the torus they take 
a phase e*™^. So the function F(v,z) is multi-valued too, and takes a phase e*"^ 



8 



Figure 1: Degeneration of the surface. When two branching points collide, we can take 
the cut wound around a cycle, obtaining a torus of modified modular parameter. 



going along the i?-cycle. This result agrees with ||T4|, where it was obtained through 
integrable systems. 

We can also write the local expression 

h 

= F{v,z) = l[[v-Vi{z)] , (3.10) 

i=l 

where the "functions" Vi{z) represent the counter-images of torus points: they are 
local coordinates over the covering sheets. Along the -Bj-cycles of S they take a phase 
e^^ , and they get permuted in going from a sheet to another one. 

In order to explore the whole moduli space, we need to turn on a degree 
+ 1 potential and to consider vacua characterized by iVj = 1. In this case we find 
an A^-covering of a torus with modular parameter which gives the LS curve. 

We can also consider the case with generic Aj. For Aj > 1, non-abelian gauge 
groups classically unbroken undergo confinement. The superpotential has dynam- 
ically selected points in the moduli space of vacua of the LS theory where some 
monopoles are massless |||, These are generically points where the LS curve de- 



generates. The number of effective pairs of cuts on the cylinder (those with A^j ^ 1), 
that is the number of handles or the genus, and the number of covering sheets are 
related by 

# pairs of cuts = = 1 ^ = h 

i t.c. Ni^l i 

where equality holds just for Aj = A^. The covering is generically singular, and S 
is its desingularization. The number of non-coincident branching points u of the 
function v{z) is given by Riemann-Hurwitz formula: 

l + u/2 = g^^n. 

Therefore, when a potential is applied, some branching points must collide, and their 
branching cuts will shrink. We can always take, even in the general base torus 

of modular parameter Tr and an A^-covering with some coincident branching points 
(see figure [l|). 
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We end with the case of maximal degeneration, that is one Ni = N while all the 
others null. In this vacuum the gauge group is not classically broken, but confinement 
only leaves a U{1) factor. We have a 1-covering, that is a homeomorphism, of a torus 
of modular parameter tr/N. The curve is = 'jk{z). This perfectly agrees with 

E- 

4. Resolvents 

We are now interested in operators in the chiral ring. The matrix model has been 
solved through the change of variables (|2.1|): 



A 2Asin/3/2 ^ ' ^ ' 

from the field $ to A. This leads to the variable x, associated with the eigenvalues 
of A, and which lives on the cylinder. It is useful to define the QFT resolvents 



327r2\ 2tgh(^) 
1 



^<^> = V' 2tgh(^) 
The perturbative expansion around the point {x = +00} 

^^"^^ = ~32^{y + E^"'^(Tr W^^Wte'^)] 

k=l 

AT °° 

r{x) = - + J2e-'''{TTe'^^) 

k=l 

generates expectation values for the QFT chiral operators. It is clear that by knowing 
the expectation values of e'"^ we can get all the expectation values of because 
they are related by a linear transformation. 

We expect that the resolvents can be analytically continued and extended to the 
whole Riemann surface as in [0, |^]. In the classical limit, the differentials 7l{x)dx 
and T{x)dx become meromorphic forms with simple poles at the eigenvalues of A 
and at the points {x = ±00}^. In the quantum theory the singularities spread out 
in cuts. We can evaluate the periods around the cuts with the formula [0], 

— (p dxM ^ T— = Tr MP, , (4.1) 



2tgh 



''^ Actually, in the classical limit the resolvent TZ vanishes, for it contains a fermionic bihnear; on 
the other hand, classically the fields Si are null. 
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where M is an operator, Ci a cycle around the cut and Pi the projector on the gauge 
subgroup U{Ni). We obtain the periods 



We will identify the field theory resolvents with suitable meromorphic forms in the 
matrix model by comparing periods. A real proof of the following statements would 
require a detailed analysis of the Ward identities in field theory, using the Kon- 
ishi anomaly as done in ||2|, which is hard for Af = 2* type models. Nevertheless, 
we believe that the following result holds. The TZ resolvent is easily identified as 
7l{x) = Slj{x). Indeed we have 



where we used (|4.1|) and Ci is a cycle around the i-th segment [a^ , af] of the support 
of p{x). 

In order to identify the T resolvent, it is better to consider a quantity that admits 



Analyzing its expansion at the points {x = ±00}, we see that it is regular (the poles 
cancel). The only singularities left are the cuts. We conjecture that, on-shell, t[x)dx 
admits an analytic continuation on the whole surface, being an holomorphic form 
on S. As shown in 1^, H, it is a general feature that on-shell an holomorphic form 
exists. From (^T]) we easily get that the Aj-periods of t{x)dx are Ni. Since the 
form is holomorphic, its Aj-periods specify it completely. We can identify it with the 
matrix model differential dz: 



Observe that, on-shell, its i?i-periods are r^. 
4.1 Expectation values 

We can compute all of field theory expectation values (e^'^) by exploiting the general 
fact that cut discontinuities of the holomorphic differential (here t{x)dx) represent 
the quantum eigenvalues distribution. 

Let us evaluate the integral of t{x)dx multiplied by a power of e^, along a path 
G that encloses all the pairs of cuts. We name Ai the cycles around the upper cuts. 





an analytic extension on the Riemann surface E. We define [T^ the form 

t{x)dx = T{x — i^) — T{x + i^) dx . 



dz = - — -tix)dx = T(x — i^) — T(x + i 



^) dx. 
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while A* the ones around the lower cuts; the considered path encircles both. We 
can proceed in two ways. By deforming the path into two circles around the points 
{x = ±cxd}, from the expansion of T(x), we get 

— / e^'^ t(x)dx = 2% sin ^ (Tr e'^^) . 

On the other hand, we take advantage of the identification t{x)dx = 2Txidz and 
deform the path into the sum of the cycles Ai and A*, obtaining 

(f e''^dz = f2(f e^^ dz = 2^ sin ^ V / e'^^-'"/'^ dz . 



By comparison: 



n „ 

i=i 



This coincides perfectly with the result in 0, in case of massive SU{N) vacua with 
a single cut. 

Note the difference between the eigenvalues distribution in the matrix model and 
that in field theory. The former is described by p(x); the latter by dz. Therefore we 
have 

Wk = ((Tr e''^))MM in the matrix model 
J2 N,-^ [SWk] = (Tr e'^)QFT in field theory . ^^"^^ 

j=l 3 

4.2 The effective potential 

At this point it is interesting to use ( |4.2| ) to evaluate the on-shell effective potential. 
Through (|373|) this is expressible in terms of resolvent periods: 

Wes = —i I r f Gdx — (p dz (p G dx 



Now we perform a manipulation very similar to that in We cut off the 

surface, following figure |^, in order to make it simply connected.^ Then it suffices to 
deform the path from the cuts to the extremes of the cylinder, and back. Actually 



*This procedure is equivalent to flatten the surface into a polygon with 4g sides. Note that we 
need not to ehminate the cycle D around the cyhnder, because §j^dz = Q and so dz is already 
integrable. 
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Figure 2: Simply connected surface. If we take into account the points at infinity, the 
system of cycles cuts off the surface and makes it simply connected. 



we have: 



n 



i=l 



Wes = i f zGdx 

'a,+a*+b,+b*=g 



z G dx + i (p zG dx = i (j) zU dx 



= 2_. \ f z U{x) — U{x — ijS) dx — (L dz (L U {x)dx > 

j=l [Ja, ^ -I J A, Jb, J 

= V{x-i§)— dx-iN U{x)dx - NV{0) . 

i—\ -J Ai J —il3/2 

In the second line we observed that the only contribution at the extremes comes from 
U{x). In the last line we used (|2.5|) and integrated by parts, making the Bi cycles 
passing by two conventional points, say {±z/3/2}. 

Then we may replace V with the original tree level potential Wtree, and use (|4.2| ) 
to turn to expectation values. We get 

up to additive constants which may depend on the potential, but not on the cou- 
pling r or on the particular vacuum. So the effective superpotential is equal to the 
expectation value of the tree level potential. 



The presence of additive constants is expected. We know [|, |T6|| that a mixing 
ambiguity affects condensates in A/" = 1* theories, and so also in the Leigh-Strassler 
model. The problem is that the operators are ill-defined, and different approaches 
can lead to vacuum-independent mixings of them (including the identity). 



5. The curve 



The "generalized" Seiberg-Witten curve for the Leigh-Strassler model has been identi- 
fied with the matrix model curve, provided we take an order + 1 tree level potential 
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and consider the vacuum characterized by A^j = 1 f^. In section |3]^ we showed that 
it may be written, as in (p.lO|) , through multi- valued functions on the base torus; 



this embeds S into a twisted C bundle over T^. This expression hides the N moduli 
which parameterize the moduli space. We want to bring the curve to a more suitable 
form, miming [|l^ . 



The idea is to subtract to f a function with right monodromy properties, and 
which has a simple pole in {z = 0} with unit residue. We define a new polynomial 
function 

f{v,z)=F{v + k{z),z) 

N N 

= l[{v + k{z) - Vi{z)) = ^ fUz) v""-^ with fo = l, 

1=1 m=0 

where k{z) was introduced in (|3.5| ). The functions fm{v,z) have the same mon- 
odromies than Fm{v,z), but the former have just a simple pole. This fixes them 
completely: they are proportional to 

where f is the modular parameter of the torus. Here f = tr. 

Reminding (p.6| ) for f , we can write the curve = , z) in terms of the matrix 
model coordinate x: 



■nz p 



= 5^ 7m ^ 



m— 



m=Q 



2uji 2 



^{N^m)x ^j^j^ 70 = 1 . (5.1) 



The parameters 7m are really the coordinates of the moduli space. It is convenient 
to normalize to 70 = 1, so that we are left with exactly N parameters which describe 
the vacua for a U{N) gauge group. 

It is useful to find another expression for the curve, in order to analyze the 
semiclassical limit — and compare with literature. We want to collect the N 
parameters 7^ in a single normalized degree polynomial in e^: 

N N 

H{x) = Y,lm e^^-"^)" = n(^'' - ^^') ^ith 70 = 1 . 

?Ti=0 j = l 

We apply the known expansion of the 61 function: 
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where q = e*'^'^ contains the dependence on the modular parameter. With simple 
algebraic steps we get 

= J2 (-1)' 9^'+^^' e^(''+'^^2;^ '—^H{x + i{2k + 1)1 ) . (5.2) 



5.1 Gauge group SU{N) 

The curve for gauge group SU{N) can be derived by enforcing the constraint (Tr <l>) = 
0. We use the curve written as in ( p.lO| ): = ~ Vi{z)]. The multi- valued func- 
tions Vi{z) have simple poles in = 0}, with — 1 residues equal to 1 and the last 
fixed by the residue theorem (p.7|). Using ( |3.9| ) and (|4.3|), we get the following values 
for the residues 



(-^sin|(Tre^) + l,l,...,l). 



In the polynomial function f{v, z) the sum of the residues appears in the term v^~^ . 
By comparison we obtain a relation between the parameter 71 and the field expec- 
tation value: 

The family of SW curves that describes the moduli space for gauge group SU (N) 
is obtained by freezing the parameter 71. So we are left with — 1 free parameters, 
whose number matches the rank of SU{N). 

The constraint (Tr $) = may be applied to F{v, z) too. We get the exact 
expression for the term v^~^: 



F{v,z) 3 



■Ar-!^ + ^sin^(Tr$) 



k{z)v 



N-l 



With the particular choice r] = I-r j^uox , we cancel the term. This agrees with what 
stated in ||l4|, on the basis of integrable systems. Note that this holds also for generic 
vacua, in which case we must accomplish the substitutions 

^ ^ _ A^ r^A^ _ A^ N 

^ ^ ~ AT 27r ~ lujx^ N ' 

5.2 The function G{x) 

The function G{x) is completely determined by Wtree- Geometrically, the reason is 
the following. The saddle point equation determines the existence of the function 
G{x), meromorphic on a genus A^ Riemann surface obtained identifying pairs of cuts. 
G{x) must have a pole of order A^ + 1 on S, and Riemann-Roch tells us that such a 



®Which corresponds to a shift in the variable a;. 
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function is unique, up to a multiplicative constant and an additive one. So the curve 
S fixes G{x), and vice versa. Moreover the pole structure of G{x)dx is determined 
by the polynomial U{x), that is by the potential Wtree- Therefore, W^tree fixes all the 
parameters 7^. 



We want to construct explicitly the function G{x) on the surface. We must 
request that it has an (A^ + l)-order pole at the puncture {x = +00, z = 0} and that 
it is meromorphic. To this purpose, we consider the elliptic functions 



for m = 1, . . . , A^. They present an (m + l)-order pole at {x = +00, z = 0} and 
— 1 simple poles at {x finite, z = 0}. Moreover they are single valued. 
The idea is to construct G{x) by assembling these functions, in such a way to 
cancel the A^ — 1 simple poles at finite points, leaving just the pole at the puncture. 
It is a matter of solving a linear system, and counting variables and equations we see 
that the solution is determined except for a multiplicative constant (and an additive 
one for G{x)). 

Let us analyze the behavior of the curve in a neighborhood of {z = 0}. Expand- 
ing { f).l\j we get 



V 



N-l 



(5.4) 



The equation z = gives the solution {x = +00} plus A^ — 1 other solutions, which 
correspond to the roots of the polynomial Vn~i- Now it is easy to organize the A^ 
elliptic terms: 



N 



m=l 



01 


l{N -m+ 1)P 
[ 2 


r 


Oi 


' Txz md 

\ 

V2uJi 2 


f 


m+i 

01 


'm(3 
[ 2 


T 


Oi 


■ -KZ 
[2UO1 


T 





mx 



(5.5) 



One may check the existence of a (A^ + l)-order pole, and, thanks to (^.4|), the 
holomorphicity at the points {x finite, z = 0}. 



Now we can expand G{x) around {x = +00} in powers of e^, using for z the 
expression (|5.4| ), and imposing the behavior prescribed by U{x). The calculation is 
quite long and does not give a closed expression, but it is algorithmic. For instance 
we have found the first parameter 71: 



7i = - 



■ N 



sm 



(A^+l)/3 



sm 



f 0ime[[l] + 9,[l]9[[M] 
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where are the roots of V'{x). These are the same as the roots of Wl^^^{y), except 
for the change of variables ( |2.1|) . This formula determines entirely the coefficient 71 
as a function of known quantities, i.e. potential Wtree and parameters (3, A, M. In 
this way we may find all the other parameters. Moreover, using ( |5.3| ), we get the 
expectation value (Tr $) without integrating: 



sm 



{N+1)I3 



sin^ 9,m9[[l] + 9M]e[m 



A ^ 

1=1 

1 e'i[0]sinf 



N 



2sinf 



2^1 Oill 



(5.6) 



where bi are the roots of Wtree{y)- We chose to group factors in this manner because 
they tend to unit in both the semiclassical limit and /3 ^ 0. 

5.3 The semiclassical limit 

The semiclassical limit corresponds to the weak coupling regime of the theory. We 
realize it by sending the physical coupling g to zero, that is the complex (renormal- 
ized) coupling tr to +ioo or the q parameter to zero. So the base torus covered by 
S stretches to a cylinder, because the -B-period of dz diverges and the cycle becomes 
non-compact. We expect the cuts in the x space to shrink to singular points, that 
are really the critical points of V{x). Meanwhile we expect the condensate fields to 
vanish, since they contain fermionic bilinear Tr Xai^l- 



Since ( |5.2| ) is an absolutely convergent series, it is the most useful to take the 
limit g — * 0: we have to consider just the terms k = 0,-1: 



_ ^1 



2 J 



H{x — i 
Hix + i 



To upper(lower) cuts on the cylinder, that is the points on the stretched torus which 
tend to 2; = +ioo(— ioo), correspond to zeros of the denominator (numerator). The 
following map holds: 



+ioo 



A* : z —ioo 



{x = 0-W2}. 



This prove that the cuts Ai and A* shrink to points that are the (shifted) roots of 
H{x). 

With the explicit expression ( |5.5| ) of G{x) at hands, we can also prove that the 
chiral fields Si vanish. Expanding the 6 functions for small g, and then considering 
the limit z +zoo, x —>■ + ij3/2, we see that G{x) converges to a constant in 
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a neighborhood of a shrunk cut, therefore it is regular. So the integral £^ G{x)dx 
which defines & vanishes. 



Finally, since the field S vanishes, from (|2.2| ) we get the support of p{x): 

V'{x) =0 X G supp p . 

So the singular points are really the critical points of V{x): the eigenvalues of $ 
end up in the critical points. This expected behavior is confirmed by the semiclassical 
limit of (O). 
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